Abstract. Not every Cantor set can arise as the minimal set for a C 1 di eomorphism of the circle. For example, D. McDu has shown that the usual \middle thirds" Cantor set cannot arise this way. In this note we exclude a suitable neighborhood of the class of a ne Cantor sets.
it is easy to see that C(0) includes every Cantor set. Moreover, Denjoy's theorem, stated below, implies that C(r) is empty for r 2. Other cases are more subtle. There are partial answers to Herman's question about C(1). McDu gives several necessary conditions for membership in C(1), one of which implies that the usual \middle thirds" Cantor set does not belong to C(1).
The purpose of this note is to establish that all a ne and C 2 -nearly a ne Cantor sets are excluded from C(1). To make this precise, we need to introduce some terminology.
Let I 1 ; : : :; I k , k 2, be pairwise disjoint compact intervals in R, and let L be a compact interval containing their union I I 1 I k .
De ne S r (I 1 ; : : :; I k ; L) to be the set of C r functions S : I ! L such that jS 0 j > 1 on I and, for each j = 1; : : :; k, S I j ] = L.
Any S 2 S r (I 1 ; : : : ; I k ; L) has a unique maximal invariant (Cantor) set C S = fx 2 I : S k (x) 2 I for all k 2 Z + g:
A Cantor set arising this way is called hyperbolic. If S can be chosen so that jS 0 j is locally constant, the Cantor set is called a ne. If jS 0 j is globally constant, we say C S is a linear Cantor set. Of course every linear Cantor set is a ne, and every a ne Cantor set is hyperbolic.
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In the next two sections we will introduce some terminology and standard results. The proof of Theorem 2 is given in Section 4. In Section 5 we state the main theorem of McDu to show that it does not already subsume Theorem 1. Acknowledgment. The author thanks Brian Tandy and Charles Tresser for helpful conversations.
Minimal sets in S 1
If f is a homeomorphism, the set ? is a minimal set for f if ? is compact, nonempty, invariant, and minimal (relative to inclusion) with respect to these three properties. Equivalently, ? 6 = ; is minimal if f(?) = ? and every f-orbit in ? is dense in ?.
The simplest examples of minimal sets are xed points or periodic orbits. Zorn's Lemma implies that every compact orbit closure contains some minimal set, so every homeomorphism of a compact manifold has at least one minimal set.
For homeomorphisms of S 1 , Poincar e already understood all the possibilities. Either f has a periodic orbit, in which case all its minimal sets are nite, or else f has no periodic orbits, in which case f has a unique minimal set which is either S 1 itself (the transitive case) or a Cantor set C (the intransitive case). In the transitive case, f is topologically conjugate to an irrational rotation. In the intransitive case, C is the !-limit set of every point, and f is semiconjugate to an irrational rotation R, i.e. hf = Rh where h is a continuous monotone function with h(C) = S 1 (a \Cantor function").
The intransitive case can be realized as a C We can formulate some of the above conveniently as follows:
The Poincar e-Denjoy dichotomy. If The following notation will be convenient. Proof. Since log S 0 is -H older, we can nd M > 0 so that j log S 0 (x) ? log S 0 (y)j Mjx ? yj . Also, there is 2 (0; 1) such that jS 0 j 1= . Choose and 2 so that 1 < 2 < < 1. We may now choose 0 > 0 so small that the following three conditions are satis ed:
(i) exp( 0 ) < 1, (ii) 2 exp( 0 ) < , and (iii) 1 exp( 0 ) < 2 .
It is straightforward to verify, by virtue of (iii), that for each S 2 S We can cover C, by compactess, with nitely many small blocks bl(I) so that, on each one, fj C\bl(I) = I j C\bl(I) :
That is, f agrees on C with a C 2 function de ned on a nite union of disjoint compact intervals. Since f is monotone, this C 2 function can be extended to a C 2 di eomorphism g of S 1 . Since gj C = fj C , every g-orbit in C is dense in C, so the set C must be a minimal set for g. This contradicts the Poincare-Denjoy dichotomy.
McDuff's Theorem
In this section we state the relevant theorem of 7], and show it does not imply Theorem 1.
First we need some notation. The corollary follows from the theorem by setting i = i = i for all i and applying the case n = 1. In turn, the corollary implies that the usual middle thirds Cantor set is not C 1 -minimal, because for that set the ratios i = i+1 take only the values 3 and 1. The same goes for any a ne Cantor set as described in Figure 1 However, the hypotheses on the length spectrum in the above theorem are generically not satis ed by an a ne Cantor set (and so Theorem 1 does not follow from the Spectral Theorem). This is not obvious from the statement, so we formalize the matter in the following proposition. 
